A tree T is arbitrarily vertex decomposable if for any sequence of positive integers adding up to the order of T there is a sequence of vertex-disjoint subtrees of T whose orders are given by . An on-line version of the problem of characterizing arbitrarily vertex decomposable trees is completely solved here.
Introduction
A tree T is said to be arbitrarily vertex decomposable if for any sequence (t 1 , . . . , t k ) of positive integers adding up to |T | = |V (T )| (the order of T) there is a sequence (T 1 , . . . , T k ) of vertex-disjoint subtrees of T such that |V (T i )| = t i for i = 1, . . . , k.
The notion of an arbitrarily vertex decomposable (avd for short) tree has been introduced independently by Barth et al. in [1] and Horňák and Woźniak in [4, 5] .
It is useful to redefine the standard notation for integer intervals: for p, q ∈ Z we put [p, q] := {z ∈ Z : p z q} and [p, ∞) := {z ∈ Z : p z}. We denote by deg T 
(x) the degree of a vertex x ∈ V (T ), by (T ) the maximum vertex degree in T, by d T (y, z) the distance between vertices y, z ∈ V (T ) and by v k (T )
, where k ∈ [1, ∞), the number of vertices of T of degree k.
Let T be a tree with (T ) 3. A vertex x ∈ V (T ) is primary if deg T (x) 3.
A path is a tree isomorphic to P n for some n ∈ [1, ∞) (with |P n | = n). An arm of T is a subtree of T isomorphic to a path joining a pendant and a primary vertex of T all of whose internal vertices are of degree two in T.
It turned out that some classes are essential when analysing the property of a tree "to be avd". A star-like tree is a tree homeomorphic to a star K 1,q . If q 3, such a tree has one primary vertex and q arms, and is uniquely (up to isomorphism) determined by the multiset {a i : i ∈ [1, q]} of orders of its arms. For the sake of simplicity we shall frequently assume that (a 1 , . . . , a q ) is a non-decreasing sequence, i.e., (a 1 , . . . , a q ) ∈ A q , where A q is the set of all non-decreasing sequences of length q containing integers greater than 1. The aforementioned tree will be denoted by S(a 1 
, . . . , a q ).
A caterpillar is a tree T having as a subgraph a path P such that T -P is an edgeless graph (a path itself also is a caterpillar). Let T be a tree. Imagine now the following decomposition procedure consisting of k stages, where k is a random variable attaining values from [1, |T |]. In the ith stage, where i ∈ [1, k], a positive integer t i arrives and we have to choose a subtree T i of T of order t i that is vertex-disjoint from all subtrees of T chosen in previous stages (without a possibility of changing the choice in the future).
More precisely, for every partial sequence (t 1 , . . . t i ) whose sum is less than |T |, there is a sequence (T 1 , . . . , T i ) of vertex-disjoint subtrees of T such that |T j | = t j , with the following property: for all sequences (t 1 , . . . , t k ) with k i and summing to |T |, such that t r = t r for 1 r i, there is a decomposition of T into vertex-disjoint subtrees T 1 , . . . , T k with |T j | = t j for all j, and T j = T j for 1 j i.
If the decomposition procedure can be accomplished for any (random) sequence of positive integers (t 1 , . . . , t k ) adding up to |T |, the tree T is said to be on-line avd. The notion we focus on here can by related to management of parallel systems used simultaneously by different applications where we have to assign a connected subnetwork to each application on-line.
As an immediate consequence of the definitions we obtain the following obvious necessary condition for on-line avd trees.
Proposition 1. If a tree is on-line avd, then it is avd.
Because of Proposition 1, results on (off-line) avd trees are important for the analysis of trees that are on-line avd. The most general one concerns the best upper bound avd max on the maximum degree of an avd tree. In [5] it has been conjectured that avd max = 4. It has been proved successively that avd max 6 (see [4] ), avd max 5 [6] and avd max 4 [2] . The results below on star-like trees are taken from [5, 2] . There are avd trees with maximum degree 4, for example S(2, 2, 5, 7), hence, as conjectured, avd max = 4. As we shall see, the maximum degree of an on-line avd tree is at most 3.
Theorem 2. If a tree T is avd, then (T ) 4.
The following theorem (proved independently in [1, 5] ) will be very useful throughout our paper.
If T is a tree and t 1 ∈ [1, |T | − 1], a subtree T 1 of T of order t 1 is said to be t 1 -admissible provided that the graph T − T 1 is connected (and hence a tree). This notion allows us to describe the main tool used in the study of on-line avd trees.
Lemma 6.
If T is a tree, the following two conditions are equivalent:
Proof. (i) ⇒ (ii):
Suppose that t 1 is the first member of a random sequence (t 1 , . . . , t k ) of positive integers adding up to |T | in which k 2, and let T 1 be a subtree of T of order t 1 chosen by the decomposition procedure. Then T := T − T 1 must be connected, otherwise the decomposition procedure cannot be accomplished for the sequence (t 1 , |T | − t 1 ). Furthermore, the decomposition procedure for the tree T can be accomplished for any random sequence (t 1 , . . . , t l ) of positive integers adding up to |T | (with l ∈ [1, |T |]), and so T is on-line avd.
(ii) ⇒ (i): If t 1 = |T |, the decomposition procedure can be accomplished in a unique way, by choosing T 1 := T . If t 1 < |T |, take as T 1 a t 1 -admissible subtree of T that is on-line avd. Then the decomposition procedure applied on T − T 1 can be accomplished for any random sequence (t 2 , . . . , t k ) of positive integers adding up to |T − T 1 |. So, T is on-line avd.
From Theorem 5, Lemma 6 and Proposition 1 it follows that there are avd trees that are not on-line avd. Namely, T := Cat(5, 8) is avd. On the other hand, if T 1 is a 3-admissible subtree of T, then T − T 1 is either Cat (2, 8) or Cat(5, 5) (see Fig. 1 ), in both cases a tree that is not avd and hence not on-line avd.
It seems that the characterization of avd trees is very difficult. The situation is different in the case of on-line avd trees, the present paper provides a complete classification. What follows is our main result. Table 1 Theorem 7 will be proved in a series of claims, starting with the simplest case of paths.
Theorem 7. A tree T is on-line avd if and only if either T is a path or T is a caterpillar Cat(a, b) with a and b given in
The proof is by induction on n. Since P 1 is trivially on-line avd, we may suppose that n ∈ [2, ∞) and that P m is on-line avd for any m ∈ [1, n − 1]. If t 1 ∈ [1, n − 1], then any subpath T 1 of P n of order t 1 containing a leaf of P n is t 1 -admissible and, by the induction hypothesis, the tree P n − T 1 P n−t 1 is on-line avd. Therefore, by Lemma 6, P n is on-line avd. Table 1 Values a, b such that Cat(a, b) is on-line avd a b
6, 7, 9, 11, 14, 19 6 ≡ 1, 5 (mod 6) 7 8, 9, 11, 13, 15 8 11, 19 9 1 1 10 11 11 12
Caterpillars Cat(a, b)
If T = Cat(a, b) in Lemma 6, the assertion can be modified as follows.
Lemma 8. Let a ∈ [2, ∞) and b ∈ [a + 1, ∞).
If for any i ∈ [2, a − 2] at least one of the caterpillars Cat(a − i, b) and Cat(a, b − i) is on-line avd and the caterpillar Cat(a, b − a) is on-line avd, so is the caterpillar Cat(a, b).

If there exists an i ∈ [2, a − 2] such that neither of the caterpillars Cat(a − i, b) and Cat(a, b − i) is on-line avd, then the caterpillar Cat(a, b) is not on-line avd. 3. If the caterpillar Cat(a, b − a) is not on-line avd, the same is true for the caterpillar Cat(a, b).
Proof. Let T denote the caterpillar Cat(a, b).
1. By Lemma 6 it is sufficient to find for any
For c ∈ {2} ∪ {a, b} and j ∈ [1, c − 1] consider a subpath P j (c) of T of order j containing the leaf of an arm of T of order c.
If t 1 = 1 and
If t 1 = a − 1 and
It follows, in particular, that for all values t 1 = 1, t 1 = a − 1, and t 1 a + 1 there exists a t 1 -admissible subtree in Cat(a, b). What remains is to check (3, 4) , (3, 5) , (4, 5) , (4, 7)} we present a sequence of caterpillars in which every caterpillar C is followed by ← r(C), where r(C) is the label of the claim showing that C is on-line avd, and such that this sequence guarantees, by Lemma 8. 
Claim 5.
If b ∈ {8, 9, 11, 13, 15}, then Cat(7, b) is on-line avd. = ( (a, 1), . . . , (a, a) Proof. (7, 3) = 10: Cat(4, 10) ← 7, Cat(7, 7) ← 7; (7, 2) = 16: Cat(5, 16) ← 8, Cat(7, 14) ← 7; (7, 4) = 18: Cat(5, 18) ← 8, Cat(7, 16) ← 9; (7, 5) = 12: Cat(5, 12) ← 8, Cat(7, 10) ← 9; (7, 6) = 20: Cat(5, 20) ← 7, Cat(7, 18) ← 9; Proof. (9, 1) = 10: Cat(7, 10) ← 9, Cat(9, 8) ← 10; (9, 2) = 20: Cat(7, 20) ← 9, Cat(9, 18) ← 7; (9, 4) = 13: Cat(5, 13) ← 8, Cat(9, 9) ← 7; (9, 5) = 14: Cat(7, 14) ← 7, Cat(9, 12) ← 7; (9, 7) = 16: Cat(7, 16) ← 9, Cat(9, 14) ← 11; (9, 8) = 8: Cat(7, 17) ← 9, Cat(9, 15) ← 7. 
Proof. It is sufficient to show (by induction on b) that Cat(11, b) is not on-line avd for any b ∈ [13, ∞).
(11, 2) = 13: Cat(9, 13) ← 11, Cat(11, 11) ← 7; (11, 3) = 14: Cat(8, 14) ← 7, Cat(11, 11) ← 7. Now, suppose that b ∈ [15, ∞) and Cat(11, b − 2) is not on-line avd. By Claim 11, Cat(9, b) is not on-line avd. Therefore, by Lemma 8.2, the same is true for Cat(11, b).
Claim 14. If b ∈ [12, ∞), then Cat(12, b) is not on-line avd.
Proof (induction on b). Neither Cat(12, 12) nor Cat(12, 13) is on-line avd: the former by Claim 7 and the latter because neither of Cat(9, 13) and Cat(12, 10) is on-line avd (Claims 11 and 7) .
Assume 
Caterpillars with maximum degree 3
A useful tool in the analysis of avd (and also on-line avd) trees is a "tree to tree transformation" described as follows. Consider a primary vertex x of a tree T that belongs to at least two arms If
Let us observe that in this case we may assume that x ∈ V (T 1 ). ThenT 1 can be defined as the (unique) subtree ofT such thatT −T 1 P l , where l := |T − T 1 | (see Claim 1).
Finally
is a tree of order |T | − t 1 < |T | that is on-line avd and contains both arms A 1 , A 2 . Since AL(T ) is true,T (A 1 , A 2 ) =T − T 1 is on-line avd and we are done by putting
There is a complete characterization of avd caterpillars of the form Cat(a, l, b) due to Cichacz et al. [3] . Since it is rather complicated and not necessary for our analysis in its completeness, we present here only a weaker result (cf. [3] ). Cat(a, l, b) is avd, then gcd(a, b) = 1. (a, l, b) is not on-line avd. 1 it follows that if gcd(a, b) 2, then Cat(a, l, b) is not on-line avd. Henceforth suppose that gcd(a, b) = 1, b a + 1 and l = 6k + i with k ∈ [0, ∞) and i ∈ [1, 6] .
Lemma 11. If a, l, b ∈ [2, ∞) and the caterpillar
Proof. From Lemma 11 and Proposition
Let a ∈ [2, 3] . We are going to show by induction on b that T := Cat(a, 6k + i, b) is not on-line avd for any b ∈ [a + 1, ∞).
Consider first the case (a, b)=(2, 3). Then T can be transformed by an edge transportation to either of Cat(2, 6k+i+3) and Cat(6k + i + 2, 3). If i ∈ {1, 3, 4, 5}, at least one of the resulting caterpillars is not on-line avd (by Claim 7), and therefore, by Lemma 10, T is not on-line avd. By Lemma 6, T is not on-line avd in the case i = 2 either, since if T 1 is a 1-admissible subtree of T, then T − T 1 is one of Cat(6k + 3, 3), Cat(2, 6k + 4) and Cat(2, 6k + 2, 2), and non of those trees is on-line avd. If i = 6 and T 1 is a 5-admissible subtree of T, then T − T 1 is either Cat(6k + 3, 3) or Cat(2, 6k + 4); thus again T − T 1 is not on-line avd and the same is true for T.
(a, b) = (3, 4): T can be transformed by an edge transportation to either of Cat(3, 6k + i + 4) and Cat(6k + i + 3, 4). As above, if i ∈ {1, 2, 3, 5}, using Claim 7 and Lemma 10, we see that T is not on-line avd. If i ∈ {4, 6} and T 1 is an (i + 1)-admissible subtree of T, then T − T 1 is either Cat(6k + 2, 4) or Cat(6k + 3, 3), so that neither T − T 1 nor T is on-line avd. 
Star-like trees with three arms
There is only one tree that is on-line avd and is not a caterpillar, namely the star-like tree of Fig. 3 .
Claim 18. The tree S(3, 5, 7) is on-line avd.
Proof. By Lemma 6 it suffices to find, for any t 1 ∈ [1, 12], a t 1 -admissible subtree T 1 of T := S(3, 5, 7) such that the tree T − T 1 is on-line avd. It is easy to see that T 1 can be chosen so that T − T 1 is successively (for t 1 = 1, . . . , 12) Cat(5, 7) ← 3, P 11 ← 1, Cat(3, 7) ← 2, P 9 ← 1, Cat(3, 5) ← 2, P i ← 1, i = 7, . . . , 1.
The paper [3] (Theorem 6) provides a complete characterization of avd star-like trees with minimum arm order 3. If (a 1 , a 2 , a 3 ) ∈ A 3 − {(3, 5, 7)} and a 1 3, then S(a 1 , a 2 , a 3 ) is not on-line avd.
Proof. Suppose that our claim is not true and let (a 1 , a 2 , a 3 ) be the lexicographical minimum of the set S := {(p 1 , p 2 , p 3 ) ∈ A 3 − {(3, 5, 7)} : p 1 3, S(p 1 , p 2 , p 3 ) is on-line avd}. Since the tree T : = S(a 1 , a 2 , a 3 ) is online avd, by Proposition 1 it is avd, hence from Theorem 3 we know that a 2 2a 1 − 2.
Assume first that a 1 = 3. If a 2 = 4, then, by Theorem 3 and Corollary 13, a 3 = 6. Let T 1 be a 1-admissible subtree of T. Then T − T 1 is one of the trees S(2, 4, 6) = Cat(4, 6), S (3, 3, 6) and S (3, 4, 5) . By Claim 7, Theorem 3 and Corollary 13, T − T 1 is not avd and hence not on-line avd, in contradiction with Lemma 6 (recall that (3, 5, 7) is excluded.
If a 2 = 5, Corollary 13 yields a 3 ∈ {8, 13}. If T 1 is a 5-admissible subtree of T, then T − T 1 = S(3, 5, a 3 − 5) must be on-line avd (by Lemma 6). However, a 3 = 8 is excluded by the fact that S(3, 5, 3)S(3, 3, 5) is not avd (Theorem 3). Thus, a 3 = 13 also leads to a contradiction.
If a 2 6, by Lemma 6 there is a 3-admissible subtree T 1 of T such that T − T 1 is on-line avd. Since T − T 1 can only be one of the trees S (3, a 2 − 3, a 3 ) and S(3, a 2 , a 3 − 3) , we cannot have a 3 8: in such a case one of the triples (3, a 2 − 3, a 3 ) and (3, a 2 , a 3 − 3) (or (3, a 3 − 3, a 2 ), provided that a 3 − 3 < a 2 ) would be in S, in contradiction with the choice of (a 1 , a 2 , a 3 ). On the other hand, under the assumption 6 a 2 a 3 7 we obtain a contradiction either with Theorem 3.
If a 1 = 4 and T 1 is a 1-admissible subtree of T such that T − T 1 is on-line avd, then, using the inequality a 2 6 and the choice of (a 1 , a 2 , a 3 ) we are left with a unique possibility T − T 1 = S(4, 5, 7). Then, however, there is no 7-admissible subtree of T at all, which contradicts Lemma 6.
Finally, if a 1 5 and T 1 is a 1-admissible subtree of T, then, by the choice of (a 1 , a 2 , a 3 ), the tree T − T 1 is not on-line avd, in contradiction with Lemma 6.
General case Claim 20. If T is a tree with (T ) = 3 and T is neither a caterpillar nor a star-like tree, then T is not on-line avd.
Proof (induction on |T |). For i ∈ [1, ∞) let V i 3 (T ) be the set of all vertices x ∈ V (T ) with deg T (x) = 3 such that the minimum component order of T − x is i. Since T is not a caterpillar, we have V S(3, 3, 3) . By Claims 16 and 19, T − T 1 is not on-line avd, in contradiction with Lemma 6. Now suppose that |T | 9 and no tree T with (T ) = 3 and |T | < |T | that is neither a caterpillar, nor a star-like tree, is on-line avd. We have seen already that V 
